Abstract. Let C ⊂ P 2 be a reduced, singular curve of degree d and equation f = 0. Let Σ denote the jacobian subscheme of C. We have 0 → E → 3.O → I Σ (d − 1) → 0 (the surjection is given by the partials of f ). We study the relationships between the Betti numbers of the module H 0 * (E) and the integers, d, τ , where τ = deg(Σ). We observe that our results apply to any quasi-complete intersection of type (s, s, s).
1.
Introduction. , where according to our assumptions, Σ ⊂ P 2 , is a closed subscheme of codimension two. The subscheme Σ, whose support is the singular locus of C, is called the jacobian subscheme of C. We denote by τ its degree, it is the global Tjurina number of the plane curve C.
We have:
where E is a rank two vector bundle with Chern classes c 1 = 1 − d, c 2 = (d − 1) 2 − τ (see for instance [5] and references therein). A remarkable result of du Plessis-Wall ( [3] ) yields sharp bounds on τ in function of d and d 1 , the least twist of E having a section. Observe that H 0 * (E) is the module of relations between the partials. In this note, which has been inspired by [2] , instead of considering only d 1 , the minimal degree of a generator of H 0 * (E), we consider the full minimal resolution of this module. So we will assume that H 0 * (E) is minimally generated by m elements of degree
is the exponent of C. We have m ≥ 2, with equality if and only if E splits. The case m = 3 is handled in [2] . In this note, with different methods, we extend most of these results to the general case m ≥ 3. For example we show that
Moreover if m ≥ 4 and d i ≤ d − 1, ∀i, the lower bound in du Plessis-Wall's theorem cannot be reached (see Theorem 7). Starting from the minimal free resolution of H 0 * (E) we show how to get a free (non necessarily minimal) resolution of I Σ . From this we deduce that 2d − 4 ≥ d i , ∀i (Corollary 12). Another consequence is that if Σ is a complete intersection, then m ≤ 4 (Corollary 13). The exact sequence (1) presents Σ as a quasi-complete intersections (q.c.i.) of type
. In our proofs we will never use the fact that the three curves giving the q.c.i. are the partials of a polynomial f . So setting s = d − 1, all our results are true for q.c.i. of type (s, s, s). Actually, after appropriate changes in notations (see [5] ) they should hold for all q.c.i. (i.e. of any type (a, b, c)), we let this to the reader.
I thank Alexandru Dicma for useful discussions, in particular about (i) of Theorem 7.
2. Setting, notations.
Following [2] we have: Definition 1. We will say that C is a m-syzygy curve if H 0 * (E) is minimally generated by m elements of degree
Remark 2. We have m ≥ 2. Moreover m = 2 if and only if E is the direct sum of two line bundles (i.e. C is free or, equivalently, Σ is an almost complete intersection).
In the sequel we will always assume m ≥ 3. For any i, E(d i ) has a section vanishing in codimension two.
Besides the exact sequence (1) we will also consider the following ones:
Starting from (2) we can get the minimal free resolution of H 1 * (E) and H 0 * (I Z ), more precisely:
Lemma 3. Let E be a rank two vector bundle on P 2 and let
where
i) The following are equivalent:
is minimally generated by m elements b) H 1 * (E) is minimally generated by m − 2 elements c) H 0 (I Z ) is minimally generated by m − 1 elements.
Assume the minimal free resolution of H 0 * (E) is given by (2) and that c 1 (E) = 1 − d, then:
ii) The minimal free resolution of
Proof. Let E be a rank two vector bundle on P 2 and assume that H 0 * (E) is minimally generated by m elements. We have
As explained before the kernel, G 2 , is a direct sum of line bundles:
) because E has rank two, we get:
This is the beginning of a minimal free resolution of H 1 * (E). We conclude with (2). This proves (ii) and also a) ⇒ b) in (i). By unicity of the minimal free resolution this also proves b) ⇒ a) in (i).
which proves (iii) and also a) ⇔ c) in (i) (observe that we have
where, by assumption, the image of f yields a minimal generator of H 0 * (E(d 1 )).
Before to go on we recall a basic fact about zero-dimensional subscheme of P 2 :
Lemma 4. Let X ⊂ P 2 be a zero-dimensional subscheme with minimal free resolution:
In particular if h 0 (I X (n)) = 0, then H 0 * (I X ) can be generated by n + 1 elements.
Proof. This should be well known (see for example [4] , Corollary 3.9), but for the convenience of the reader we give a proof. We work by induction on t. The case t = 1 is clear. Assume the statement for t − 1. Let a 1 ≤ · · · ≤ a t+1 . Since I X (a t+1 ) is generated by global sections we can always perform a liaison of type (a 1 , a t+1 ). By mapping-cone the linked scheme, T , has the following resolution:
This resolution is minimal and by the inductive assumption we get:
We have b j − a t+1 ≥ 0, ∀j (they are the degrees of the elements of the last row of the matrix M ). If b j − a t+1 = 0, ∀j, then, by minimality, the last row of M is zero, but this is impossible (the maximal minors of M are the generators). It follows that a 1 ≥ t.
Corollary 5. With notations as above (in particular m ≥ 3) we have:
Z is a complete intersection if and only if m = 3. In that case Z is a complete intersection of type
Proof. (i) This follows from (6) and Lemma 4. (ii) Follows from (iii) of Lemma 3.
Remark 6. If m = 3 and [2] one says that C is a plus one generated curve. We see that C is a plus one generated curve if and only if Z (of degree
is contained in a line. We recover the fact that C is nearly free (i.e. Z is a point) if, moreover,
Part (ii) is proved, with a different proof, in [2] , Prop. 3.1.
We recall the bound given by du Plessis-Wall ( [3] , see [5] for a different proof, valid also for q.c.i.):
Theorem 7. With notations as above:
Proof
Consider the Koszul relations:
, we see that α is a multiple of
, where g 1 = (u 1 , v 1 , w 1 ). It follows that a = P u 1 . Moreover s x = (0, f z , −f y ) = ag 1 = (P u 2 1 , P u 1 v 1 , P u 1 w 1 ) and it follows that P u 1 = 0 = a, hence s x = 0, which is impossible.
So we have a non trivial relation Ag 1 = Bg 2 . We may assume (A, B) = 1 (otherwise just divide by the common factors). It follows that B divides every components u 1 , v 1 , w 1 of g 1 and we get a relation (u
We conclude with Corollary 5.
(iii) From (6) we see that I Z (d 1 ) is generated by global sections. It follows that Z is contained in a complete intersection of type Proposition 10. We have the following free resolution
This resolution is minimal up to cancellation of
is generated by global sections we can link Σ to a zero-dimensional subscheme T by a complete intersection of type
. From the exact sequence (1), by mapping cone, we get that T is a section of E(d − 1). So we have an exact sequence:
From (2) we get a surjection:
Using (2) we can build a commutative diagram and by the snake lemma we get:
This resolution is minimal unless the section of E(d − 1) yielding T is a minimal generator of H 0 * (E). From the above resolution, by mapping cone, we get the desired resolution of I Σ . Again this resolution is minimal unless one curve (resp. both curves) of the complete intersection (d − 1, d − 1) linking T to Σ is a minimal generator (resp. both curves are minimal generators) of I T .
On the other hand, by minimality of the resolution (2) no term O(b j − 2d + 2) can cancel.
Remark 11. Cancellations can occur. Let C = X ∪ L, where X is a smooth curve of degree d − 1, d ≥ 3, and where L is a line intersecting X transversally. Clearly Σ is a set of d − 1 points on the line L. The minimal free resolution of I Σ is:
Comparing with (10) we see that m = 3 and that two terms
See Remark 14 for another example.
Corollary 12. With notations as above,
Proof. This is clear if d i = d − 1, so we may assume that the term O(d i − 2d + 2) really appears in (9) even after possible cancellations. This implies 2d − 2 − d i ≥ 2.
Corollary 13. If m ≥ 5, Σ can't be a complete intersection.
Proof. Indeed Σ is a complete intersection if and only if the minimal free resolution of I Σ starts with two generators. According to Proposition 10 we have certainly m − 2 minimal generators of degrees 2d − 2 − b j in the minimal free resolution of I Σ .
Remark 14. If Σ = {p}, then for any d ≥ 3 we can present Σ as a q.c.i. of type
, then using the minimal free resolution of I Σ , by mapping-cone, we have:
Using the above resolution of I T , we get after some diagram-chasing:
This resolution is clearly minimal. This shows two things: i) we can have m = 4 and Σ a complete intersection, so the bound of Corollary 13 is sharp, ii) the bound of Corollary 12 is sharp.
From the point of view of the jacobian ideal to get a curve C with τ = 1 we may argue as follows. Let P denote the blowing-up of P 2 at a point. We have P =
(see for ex. [1] ). Denote by h, f the classes of O F1 (1) and of a fiber in P ic(F 1 ). We have
For any a ≥ 1, the linear system |ah + 2f | contains a smooth irreducible curve, C ′ , such that C ′ .E = 2. The image of C ′ in P 2 is a curve, C, of degree a + 2 with τ (C) = 1 (for a = 1 C is a nodal cubic).
Other examples with m = 4 and Σ complete intersection can be obtained by taking C = A ∪ B where A, B are smooth curves, of degrees a, b, intersecting transversally. We have d = a + b, τ = ab and Σ is a complete intersection (a, b). Assume a ≥ 2 then, arguing as above, we get If Z is contained in a line, the minimal free resolution, hence the cohomology of I Z is known. This in turn determines the minimal free resolution, hence the cohomology, of E and a free resolution of I Σ . One can also shows some kind of converse: if E is a rank two vector bundle on P 2 whose h 1 function (k → h 1 (E(k))) is identical to the h 1 function of a bundle E such that E(r) has a section with zero-locus contained in a line (r is the minimal twist of E having a section), then the zero locus of a section of the minimal twist of E having a section, is also contained in a line. This is Theorem 3.11 in [2] . If Z is contained in a conic the cohomology is no longer determined by deg(Z), but we have:
Lemma 15. let Z ⊂ P 2 be a zero-dimensional subscheme of degree z, not contained in a line, with h 0 (I Z (2)) = 0. Then either Z is a complete intersection (2, z/2) or Z is linked to a subscheme of degree z − 2x contained in a line, for some integer x, 1 ≤ x ≤ z/2 − 1.
. It follows that there exists a curve of degree v, F v , not multiple of K, containing Z. If K and F v do not share any common component we are done: Z is a complete intersection (2, u) (z = 2u) or is linked to a point by (2, u + 1) (z = 2u + 1). Assume F v and K have a common component. Then K = LD (the case L = D is not excluded) and F v = LP v−1 , where D doesn't divide P v−1 . Let X be the residual scheme of Z with respect to the divisor L. We have an exact sequence:
We get also that X is a complete intersection (1, x), let Q denote a minimal generator of degree x. (Note that LQ, for a suitable choice of Q, is a minimal generator of I Z ). Twisting the exact sequence (10) by n = z − x, we get that I Z (n) is generated by global sections (indeed n − 1 ≥ x implies that I X (n − 1) is globally generated and that h 1 (I X (n − 1)) = 0). So Z is linked to T by a complete intersection (2, z − x). We have deg(T ) = z − 2x. The form of degree z − x = n intersects L in n = deg(Z ∩ L) points. We conclude that T ⊂ D.
Another way to conclude: we have a minimal generator of h 0 * (I Z ) of degree x + 1: LQ. Observe that Q(LD) − D(LQ) = 0, giving a minimal relation of degree x + 2. By Lemma 4 we know that there are three minimal generators, so the last generator has degree z − x (I Z (z − x) globally generated) and the minimal free resolution is 
